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Parametricity for type theory

Intuition

Polymorphic terms treats type input uniformly.

Types, abstraction and parametric polymorphism.

Theorems for free!

Parametricity and dependent types.
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Intuition

Cubical structures are used to model parametricity and univalence.



Cubical models

Intuition

Cubical structures are used to model parametricity and univalence.

A model of type theory in cubical sets.
Cubical type theory: a constructive interpretation of the
univalence axiom.

A presheaf model of parametric type theory.

Internal parametricity for cubical type theory.



Univalence as a form of parametricity

Towards a cubical type theory without an interval.

The marriage of univalence and parametricity.
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Parametric models

Intuition
A is parametric if:
Every type comes with a relation.

Every term respects these.

This implies that polymorphic terms treat type inputs uniformly.
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Big picture

The forgetful functor:
{Parametric models} — {Models of type theory}

tend to have a right adjoint, building cubical models.

In this talk
We get various cubical structures by using:
Various notions of

Various notions of parametricity.



A first example

Definition
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An object .

Two morphisms:
do, dl =1
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A first example

Definition
The category [1 of semi-cubes is generated by:
An object .

Two morphisms:
do, dl =1

A semi-cubical object in C is an object in C".
Definition
A category is parametric if we are given:

An endofunctor _..

Two natural transformations:
0,1:X,—>X



Theorem

The forgetful functor:

{Parametric categories} — { Categories}

has a right adjoint:
C -
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Summary

Theorem

The forgetful functor:

{Parametric CwF with T,U} — {CwF with N, U}

has a right adjoint, building semi-cubical models.
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Summary

Theorem

The forgetful functor:

{Parametric CwF with T,U} — {CwF with N, U}

has a right adjoint, building semi-cubical models.

In two steps:
Axiomatize parametricity as an

Build a right adjoint from any
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Parametricity for type theory

We can define (*) inductively:

I+ gives Mo, M1 F T,
M=A gives Mo,M1, T, Ag, A1 F A,
NFa:A gives To, I, Fa: Alag, a1]
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Parametricity for type theory

We can define

= gives
A  gives
lFa:A gives

By (E) including:
(A x B).[(x0, y0), (x1, y1)]

(A — B)*[)\Xo.to, )\Xl.tl]
U [Xo, X1]

(*) inductively:

Mo, F T
r07r17r*7A0aA1 F A,
ro, Fl, l‘* + dy . A*[ao, al]

= A*[XO,X]_] X B*[y(),yl]
Mixoa:4) As[X0,x1] = Bi[to, ti]
= Xo—=X1—=U
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Interpretation

Definition
A CwF is called parametric if it has:
(%)
Obeying (E)
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Interpretation

Definition
A CwF is called parametric if it has:
(+)
Obeying (E)

The initial CwF is parametric.
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Definition
An extension of the theory of CwF by:
A family of

defining them inductively.

is called an of CwF.
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Definition

An extension of the theory of CwF by:

A family of
defining them inductively.
is called an of CwkF.
Parametricity is an of CwrF.
Theorem

The functor forgetting an has a right adjoint.
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The right adjoint

Assume an interpretation of CwF by (%) and (E). Then:

U:{CwF + () + (E)} = {CwF}
has a right adjoint:

R:{CwF} — {CwF + (%) + (E)}
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The right adjoint

Assume an of CwF by (%) and (E). Then:
U:{CwF + () + (E)} = {CwF}
has a right adjoint:

R {CwF} — {CwF + () + (E)}

Intuition

A type in R(C) is a type in C with iterated images by (x).
Same for contexts and terms.

Operations in R(C) are defined using operations in C and (E).
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Example:

A type in R(C) is:
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Example:

A type in R(C) is:
Fel
Fo,Mike T

FoosTo1, Mos, M10s M1, T1ss Mo, Ti1
Fe T
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Example:

* D*

A type in R(C) is:
Fel
Fo,Mike T

FoosTo1, Mos, M10s M1, M1ss Mo, Tia
Fe T

)
A cubical type is:

A type of points

For any two points,
a type of paths.

For any square,
a type of fillers.

18



We can add reflexivities (when there is no I or U):

(N gives MExr: Ty, 1]
A gives T,AFzra:Alm,a, 3]
N-a:A gives a.[rr] = rala
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We can add reflexivities (when there is no I or U):

M+ gives MExr: Ty, 1]
A gives T,AFzra:Alm,a, 3]
N-a:A gives a.[rr] = rala

As represented:
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We can add reflexivities (when there is no I or U):

M+ gives MExr: Ty, 1]
A gives T,AFzra:Alm,a, 3]
N-a:A gives a.[rr] = rala

As represented:

A type in the new CwF is then a sequence (A.,)nn with:

<(rA*m)*n) m,mN

obeying some equations.
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This approach is very modular:
In the notion of model of type theory.

In the unary operations added.
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This approach is very
In the notion of

In the unary operations added.

Example

To add N, it is enough to define:
N, = N> N-—-U
0, = _—: (0,0)
S« = (m,n) —

indY = _:_

(m+1,n+1)

20



Negative result

Problem

We can't define:

?
rasB = ¢(ra,rR)
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Negative result

Problem

We can't define:
?
raB = ¢(ra,TB)
Reflexivities are not part of an interpretation for

Intuition

of cubical objects are not computed pointwise.

Interpretations compute pointwise.

21



Negative result

Problem

We can't define:
?
rasB = ¢(ra,rR)

Reflexivities are not part of an interpretation for

Intuition

of cubical objects are not computed pointwise.

Interpretations compute pointwise.

From now on we forget about and

21
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General parametricity for categories

Goal

We want to define various parametricities for categories.
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General parametricity for categories

Goal

We want to define various parametricities for categories.

Definition
A notion of parametricity for categories is a .
Definition
A category C is [-parametric if we are given a functor:

[ — End(C)

This is precisely an action of monoid in {Categories}.
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Examples

Semi-cubes

The category of semi-cubes is

do, d1

generated by:

I—1
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Examples

Semi-cubes

The category of semi-cubes is generated by:

do,di : IT—1

So a parametric category has natural transformations:

0,1 : X.—X

24



Cubes
The category of cubes is monoidal generated by:
do,diy : IT—1
r : 11
door = idq
dior = id;

25



Cubes
The category of cubes is
do, ch
r
do or

dior

The corresponding parametricity is called internal.

generated by:

I—1
11
idq
idy
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Cubes

The category of cubes is monoidal generated by:

do,d1 : I—1
r : 11

door = idq

dior = id;

The corresponding parametricity is called internal.

Varieties of cubes

All cube categories in [Bucholtz, Morehouse 17] are monoidal.
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Main result

Let [ be a category.

Theorem
The forgetful functor:

{{J-Parametric categories} — { Categories}

has a right adjoint:
C -

26



Let M be a monoid in a cartesian closed category C.

27



Proof

Let M be a ina

Lemma

The forgetful functor:

has a right adjoint:

{M=-action} — C

X = XM
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Proof

Let M be a ina

Lemma

The forgetful functor:
{M=-action} — C

has a right adjoint:
X — xM

Proved using
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Proof using

Theorem

[ J-parametricity is an

of categories.
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Proof using

Theorem

[ J-parametricity is an of categories.

Straightforward assuming a presentation:
Functors are on morphisms.

Naturality is on morphisms.

28



Proof using

Theorem

[ J-parametricity is an of categories.

Straightforward assuming a presentation:

Functors are on morphisms.
Naturality is on morphisms.
Corollary

The sequences build by are cubical objects.
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Basic framework

We start from a type theory with

MN-s A
M- A

With T and X for propositions (and possibly for sets).
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Basic framework

We start from a type theory with

MN-s A
M- A

With T and X for propositions (and possibly for sets).
Definition
The is such that:

[+ means [

s A means A over [.
Hp A means A a of I'.

30



Setoid type theory

We add (*):

M+ gives Mo, M1 Fp Ty
and I e

N5 A gives ro, Fl, F*,Ao,Al H A*
and F, AlF A A*[I‘r]

- A gives To,M1,T.,Agl coen: Ar
and  To,T1,T., Ak coea : Ao
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Setoid type theory

We add (*):

M+ gives Mo, M1 Fp Ty
and I e

N5 A gives ro, Fl, F*,Ao,Al H A*
and F, AlF A A*[I‘r]

- A gives To,M1,T.,Agl coen: Ar
and  To,T1,T., Ak coea : Ao

Plus defining () inductively, notably for I -5 A we add:

(T, A), =T,

31



Remark
We have:

—
r007 r107 r017 rllu r0*7 rl*, r*O l_ Coer*

In diagram:

Y10 —=— 711

So that I, is reflexive, symmetric and transitive.

: r*l
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Remark
We have:

—
r007 r107 r017 rllu r0*7 rl*, r*O l_ Coer*

In diagram:

Y10 ——— 711

So that I, is reflexive, symmetric and transitive.

Corollary

The is send to a model where:
[+ means I setoid.

I Fs A means A setoid over I'.

: r*l

I =p A means A part of ' stable by the relation.

32



Adding transport

We can add

<A gives Tg,T1,Ms, Ay coea: Ar
and  To,T1,T., Ak coen : Ag

with the

—
coeaplrr,x] = x

«—
coeplrr,x] = x

33



Adding et transport

We can add

MN-s A gives Tg,l1,l,A0F CTGA DAL
and  To,M1,T,, A1 F coea : Ag

with the
—
coealrr,x] = x
«—
coealrr,x] = x
This implies:
H
cohy A*[Xo,C?E’A(XO)]

cohp A*[&A(Xl)» x1]



Lemma
The canonical model is send to a model where:

"5 A means A fibration of setoid over I'.
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Lemma
The is send to a model where:

[ =5 A means A fibration of setoid over I'.

These fibrations have non-reflexive transports as structure.
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Adding constructors to the base theory

We can add the following:
M for , for example:

—
coex

—
coep

coen s 5|f] - Ay Ao

0

1
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Adding constructors to the base theory

We can add the following:

I for , for example:
coeas[f] = Al
A universe of , that i
F
u F
with including:
UJAB] =
ry[A] =
coeglle] =

SGE/[G] =

(;)_6,4 EO_(;B
0 0
is:
Uu
El
A+ B
(idA, idA)
el
e.2

1
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This was lucky! We can't add the following:
I types for

A universe of

36



Remark on modularity

approach on constructors and equations:
Want ks N. Define x,y : NFp Eqy inductively.

Don't like (coe,). derivable. Remove this redundancy.

Want EaA[poq] = C_O(;A[p] ° &A[q]. Prove it inductively.

—
Don't like coealrr,x] = x. Try coha : A.|x, coea(x)] instead.

gives a straightforward first try to tackle any of these issues.

37
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Reminder on

Definition
A consists of:
C a category

1 a terminal object
F a class of morphisms

such that:

F stable by

F stable by
F stable by
F stable by

Contexts and substitutions
Empty context
Types

-
>
Alo]
Democratic

39



We use semi-cubes.

40



Parametric

We use semi-cubes.
Definition
A is parametric if we have:

An endofunctor _, with natural transformations:
0,1: X, — X

Obeying the fibration rule:

X =Y

X, > (Xo x X1) [] Ya
YoXYl

40



Parametric

We use semi-cubes.
Definition
A is parametric if we have:

An endofunctor _, with natural transformations:
0,1: X, — X

Obeying the fibration rule:

X =Y

X, > (Xo x X1) [] Ya
YoXYl

Note that:
_X—=1

(0,1): X, - X x X

40



Claim (in progress)

Assume 7 : A — B in C" for C a clan.

Starting from

we get that

: Ag = Bp and iterating the fibration rule:

XY

X, > (X xX) I[ s
YXY

is Reedy fibration.
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Claim (in progress)
Assume f : A — B in C" for C a clan.
Starting from f; : Ag — By and iterating the fibration rule:

XY

X, > (X xX) I[ s
YXY

we get that 7 is Reedy fibration.

Claim (in progress)

Parametricity is an of clans.
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Claim (in progress)

Assume / : A— B in C" for C a clan.
Starting from fy : Ag — By and iterating the fibration rule:

XY

X, > (X xX) I[ s
YXY

we get that 7 is Reedy fibration.
Claim (in progress)
Parametricity is an of clans.

Corollary

The right adjoint to the forgetful functor:

{Parametric clans} — {Clans}

sends C to the clan of Reedy fibrant semi-cubical objects in C.
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Reminder on

Definition

A map is called

if it has the

against fibrations.
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Reminder on

Definition

A map is called if it has the against fibrations.
Definition

A is a clan where:

Every map factors as an anodyne map followed by a fibration.

Anodyne maps are stable by pullback.

43



Reminder on

Definition

A map is called if it has the against fibrations.
Definition

A is a clan where:

Every map factors as an anodyne map followed by a fibration.

Anodyne maps are stable by pullback.

A tribe is a model of type theory with

X X x X

Here reflexivity being anodyne is equivalent to

43



Kan clan

We start from [ the category of symmetric cubes.
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Kan clan

We start from [ the category of symmetric cubes.
Definition
A clan is called Kan if it is:

[l-parametric as a category.

Obeying the fibration rule.

Such that for A — ' we have sections of:

A, - A[0]
A, — All]
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Kan clan

We start from [ the category of symmetric cubes.
Definition
A clan is called Kan if it is:

[l-parametric as a category.

Obeying the fibration rule.

Such that for A — ' we have sections of:

A, — A[0]
A, — A[1]

. — — .
A section of A, — A[0] corresponds to coes and cohy for setoids.
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Theorem

A Kan clan is a
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Theorem

A Kan clan is a

Proof:

Factorisation for

(0,1)

X i X X x X

Coherences + Symmetry = Contractibility of singletons.

Contractibility of singletons + Coercions = r anodyne.
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Theorem
A Kan clan is a

Proof:

Factorisation for

Xt x O xvix

Coherences + Symmetry = Contractibility of singletons.

Contractibility of singletons + Coercions = r anodyne.

Factorisation for a map f similar:

X—>ZX:X,y:Y Y*[ (X)vy] —Y

45



Claim (in progress)

Being Kan is an

of clans.
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Claim (in progress)

Being Kan is an of clans.

Claim (in progress)

The associated right adjoint build

of Kan cubical objects.
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Claim (in progress)

Being Kan is an of clans.

Claim (in progress)

The associated right adjoint build of Kan cubical objects.
Sketch:
— —

cohr,, and cohr,, gives two Kan fillings per dimension.

Symmetry gives all other Kan fillings.
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Summary
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Summary

Cubical models = Cofreely parametric models. Examples:
CwF of semi-cubical types, with 1 and U.
Categories of cubical objects, for any kind of cubes.
CwF of setoids.

Clan of Reedy fibrant cubical objects (in progress).
Tribes of Kan cubical objects (in progress).

Relations Parametricity Semi-cubes

Reflexive relations | Internal parametricty Cubes

Equivalences Univalence Kan cubes
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Further Work

Find general parametricity as

Lex categories and clans.
CwF and comprehension categories.

for:
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Further Work
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Further Work

Find general parametricity as for:

Lex categories and clans.
CwF and comprehension categories.

Generalize setoids to truncated cubical objects.

Some work on inductive types:
Extend parametricity to inductive types.

Show any cubical model has higher inductive types.

Extend to deal with 1 and /.
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Further Work

Find general parametricity as for:

Lex categories and clans.

CwF and comprehension categories.
Generalize setoids to truncated cubical objects.
Some work on inductive types:

Extend parametricity to inductive types.

Show any cubical model has higher inductive types.

Extend to deal with I1 and U.
Make the link with by:
Studying as parametric.

Designing for any cubical model.

49
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